We study the Z2 topologically ordered surface state of three-dimensional bosonic SPT phases with the discrete symmetries G1 × G2. It has been argued that the topologically ordered state cannot be realized on a purely two-dimensional lattice model. We carefully examine the statement and show that the suface state should break G2 if the symmetry G1 is gauged on the surface. This manifests the conflict of the symmetry G1 and G2 on the surface of the three-dimensional SPT phase. Given that there is no such phenomena in the purely two-dimensional model, it signals that the symmetries are encoded anomalously on the surface of the three-dimensional SPT phases and that the surface state can never be realized on the purely two-dimensional models.
According to Landau's theory of symmetry and symmetry breaking, there are two classes of the phases of matter: ordered phase and disordered phase. It has been suggested that there are at least three distinct types of the disordered phases. The first and most common phase is the classically disordered phase at a finite temperature. At the lowest temperature, there are two possible classes. In one possibility, the low-energy excitations are fraction of the fundamental particles, e.g., electron, and are deconfined 1 . For example, fractional quantum Hall states [1] [2] [3] [4] [5] [6] [7] [8] and spin liquids [9] [10] [11] [12] belong to this class. The other quantum disordered states, which has been studied extensively recently, are so-called a Symmetry Protected Topological (SPT) phase [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . SPT phases do not support any fractional excitation and yet has no adiabatic path to the trivial atomic insulator, once a set of symmetry conditions is strictly enforced. Electronic topological band insulators and topological superconductors [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] examplify the SPT phases. Typically (but not necessarily) SPT phases have gapless spectrum at the boundary, and the gapless nature of the spectrum is protected by the symmetries.
It has been shown that the gapless edge mode at the boundary of two-dimensional SPT phases can never be realized as a purely one-dimensional lattice model. For free fermion systems, this is known in a form of a no-go theorem called fermion doubling problem. Even beyond non-interacting fermion systems, it has been shown that the gapless edge modes of SPT phases, with strict enforcement of the symmetry conditions, suffer from various kinds of anomalies, signaling the impossibility of realizing them on an isolated one-dimensional lattice 22, 23, [34] [35] [36] (see below for an example with U (1) × U (1) symmetry). For example, any quantum theory realized on an one-dimensional lattice model is expected to have the so-called modular invariance, which is an invariance under large coordinate transformations of the spacetime torus. It has been demonstrated that the gapless edge states of two-dimensional SPT phases violate the modular invariance once symmetry conditions are strictly enforced.
22,23
The surface of the three-dimensional SPT phases has more options than being gapless 14, 37, 38 . For example, it has been shown that the surface state of the threedimensional SPT phase can be Z 2 topologically ordered and gapped while keeping the symmetries intact 14, 37, 38 . In the Z 2 ordered state, there are two types of excitations, so-called e-particle and m-particle, which have the mutually semionic statistics and transform projectively under the symmetries in the way that it cannot be realized on a purely two-dimensional lattice system.
In this paper, we will examine the statement carefully and illustrate explicitly how the symmetries are encoded anomalously on the excitations of the surface of threedimensional bosonic SPT phases. We will primarily be interested in the states with the on-site unitary discrete symmetries G 1 × G 2 . We show that we cannot write a classical Chern-Simons theory of the surface consistent with the symmetries 14, 20 . Given this observation, one can ask if we need to give up all the information from the Chern-Simons theory. In fact, we can show that the topological S-and T -matrices defined by the ChernSimons theory are invariant under the symmetries and thus are well-defined. Then one of our main findings is that once G 1 is gauged, G 2 is necessarily broken in that the topological S-and T -matrices, defined by another Chern-Simons theory for the gauged surface state, are not invariant under the symmetry G 2 . In other words, the two symmetries G 1 and G 2 , which are seemingly compatible with each other, are actually in conflict on the surface of the three-dimensional SPT phase; once gauged by G 1 , the surface system is forced to be G 1 invariant, and inevitably breaks G 2 . More precisely, we pretend that the surface of the SPT phase is a purely two-dimensional state and will gauge G 1 to find G 2 broken. This should be contrasted with the purely two-dimensional models with the symmetries G
, for which we show that there is no such phenomenon. Hence the symmetries are realized anomalously on the surface of the three-dimensional SPT phases.
Such conflict of the symmetries is also observed in the two-dimensional SPT phase. For concreteness, let us consider the edge of the quantum spin Hall phase with the symmetries U em (1) × U Sz (1) (i.e., instead of imposing time-reversal symmetry, we impose condition, conservation of z-component of SU(2) spin on quantum spin Hall insulators). There is a pair of counter-propagating fermion modes at the edge, which is described schematically by the Lagrangian
The edge theory is the half of a conventional Luttinger liquid. As a way to diagnose the edge theory, we can imagine "gauging" U em (1) symmetry in the edge theory 22, 23, 39 ; this can be implemented by introducing twisting boundary conditions and then average over twisting angles. Only the states that are singlet under U em (1) survive the gauging. In other words, gauging U em (1) is amount to projecting the Hilbert space into the sector singlet under U em (1) (for the cases where such gauging involves a discrete group, this procedure is also called "orbifolding" in the literature 40, 41 ). To appreciate the effect of this gauging procedure, it is helpful to introduce a conformal field theory description 40, 41 at the edge of the quantum spin Hall phase which is parametrized by x ∈ (0, L) and x ∼ x + L. The left-and right-moving electron operators ψ L,R at the edge are given, in terms of the chiral bosons φ L,R as
With enforcing the U em (1) symmetry, a set of ground states preserving U em (1) symmetry can be explicitly constructed using the state-operator correspondence.
in which we have introduced a continuous parameter α ∈ R. The ground state imposes a boundary condition to the fermions (2) 40, 41 ,
For the ground state, one can ask the "charge" S z under U Sz (1) and the charge Q under U em (1) 22, 40 .
From the boundary conditions (4), we further see that a shift α → α + 1 is the symmetry of the system (which corresponds to a large gauge transformation of U em (1)). We notice that this shift α → α+1 leaves the total charge Q of the ground state invariant (as it should be!). However, it does not leave the "charge" S z invariant, i.e., after gauging U em (1), the U Sz (1) symmetry is violated by quantum effects, and hence "anomalous". Alternatively, one can try to project the states with the symmetry U Sz (1) and then find, in this case, that the symmetry U em (1) is broken ("anomalous"). So there is a conflict between the two symmetries U em (1)×U Sz (1). We further note that there is no such conflict in a conventional Luttinger liquid with the same symmetry U em (1) × U Sz (1) because each chirality comes with the two spin species and there is no net spin Hall effect. Thus the conflict of the symmetries implies that the symmetries are anomalously encoded at the edge of the SPT phases and that the edge theory can never be realized on a purely onedimensional lattice.
Motivated by these observations for SPT phases in (2+1) bulk dimensions, in this paper, we will study what we could learn by gauging symmetries in SPT phases in (3+1) bulk dimensions, for the cases where their surface states are topologically ordered. We will show, on the surface of three-dimensional SPT phases with the symmetries G 1 × G 2 , there is a phenomenon similar to "conflict of the symmetries" illustrated above. As in (2+1)D SPT phases, we interpret the conflict as a sign that the surface state cannot emerge from a purely twodimensional lattice model.
A main difference from the case of (2+1)-dimensional SPT phases, however, is that, since the surface is topologically ordered, one of the symmetries, G 1 , is a "quantum" (anyonic) symmetry, i.e., the symmetry that cannot fully be incorporated at the level of classical actions. Under G 1 , quasi-particles (anyons) get transformed nontrivially, while their topological properties (such as their braiding properties) are left invariant. On the other hand, the other symmetry G 2 is "conventional", which does not change the quasi-particle (anyon) types. We will show that once the conventional symmetry G 2 is gauged, the resulting gauged theory is not invariant under the symmetry G 1 anymore.
The rest of the paper is organized as following. In section I, we review the theory for the surface of a three-dimensional bosonic SPT phase. The Z 2 topological order and the symmetries of the surface theory can be studied by a O(4) non-linear sigma model that effectively reduces to a four component abelian ChernSimons theory. We consider the bipartite "conventional" and "quantum" symmetry G 1 × G 2 that leaves the exchange and braiding information unchanged. As a comparison to non-holographic (2 + 1)D theories, we show the absence of gauging obstruction in section IB for a pure two-dimensional topological states with the same G 1 × G 2 symmetric structure. In section II, we study three prototypes of bosonic SPT with with (A) bipartite local unitary symmetries Z 2 ) symmetry structure. We show that the gauging of the first "conventional" Z 2 -symmetry would necessarily violate the remaining "quantum" symmetries. This shows the "quantum" anyonic symmetry is a topological obstruction to gauging the "conventional" conterpart.
I. THEORY OF SURFACE STATE
It has been shown that the three-dimensional bosonic SPT phases can be successfully studied by the semiclassical O(5) non-linear sigma model supplemented by the topological Θ-term 38, 42 .
Different SPT phases correspond to the different ways of encoding the symmetries to the five-component unit vectorn 38, 42 . Then it can be shown that the surface is described by O(4) non-linear sigma model with Θ-term at Θ = π. Presumably there is a fixed point in which the low-energy physics is dominated solely by the topological Θ-term.
The Θ-term encodes the mutually semionic statistics of the fractionalized low-energy excitations z e,a , a = 1, 2 and z m,b , b = 1, 2 such that,
The Z 2 topologically ordered state on the surface can be obtained by condensation of the pair fields ∼ z * z * + h.c. of z e 's or z m 's 14, 38, 42 . We will assume that the mutually semionic statistics of z e and z m survives the condensation, and thus z e (z m ) becomes e-particle (m-particle) in the Z 2 topologically ordered state. Notice that z e and z m carry the symmetry index and transform as a doublet under the symmetries 14, 38, 42 . The symmetry action can be deduced from the relationships between z-fields andn-fields and also from the solutions of the vortex in ∼n a + in a+1 , a = 1, 3.
Armed with this construction, we can proceed to construct an effective topological field theory for the topologically ordered state. Since the surface topological order is Abelian, a natural candidate is an Abelian ChernSimons theory. Due to the symmetry index carried by the z-fields, it is natural to consider 4-component ChernSimons theory.
Here we used a vector notation for the gauge fields and the source currents, i.e., a 
The K-matrix correctly reproduces the statistics between the excitations and the topological degeneracies. The relationship between the current J a µ and the excitations can be explicitly written as
A. Symmetries of surface state
Central to our discussion below is the way global symmetries are encoded in the effective field theory for the surface. In ordinary situations in quantum field theories, and many-body quantum systems defined on a lattice, symmetries are discussed at the level of classical actions or Lagrangians. One may ask, subsequently, if the symmetries are preserved or not at the level of quantum mechanics, i.e., if the symmetries suffer from an anomaly or not. For surfaces of SPT phases, however, as demonstrated through various examples 14, 20 , it may not be possible to write down a classical theory (action) for the surface respecting the symmetries, at least in the naive way. In the following, therefore, we will distinguish classical and quantum symmetries.
The symmetry action on the currents J a (a = 1 · · · 4) can be deduced from the symmetry action on z-fields, J µ → X J µ , X ∈ GL(4, Z). Under the symmetry, the effective theory (9) transforms into,
in which we changed the variable via
T . The Chern-Simons theory in the absence of the sources J µ is classically invariant whenK = K. We say the Chern-Simons theory has a classical symmetry X.
On the other hand, notice that X ∈ GL(4, Z) and this implies that the Chern-Simons theories with K and
T define the same topological order. Thus, while the classical action (9) might not be invariant under the symmetry transformation, the quantum information encoded by the Chern-Simons theory (9) may still be invariant under the symmetry action. More precisely, we consider topological S-and T -matrices of the topological state and show that the matrices are invariant under the symmetry transformations. We call X a quantum (anyonic) symmetry if
T while topological S-and T -matrices are invariant under X (there is a closely related but different definition for the anyonic symmetry in the reference 43 ), i.e.
mod N where N is a matrix with the integers Z for the off-diagonal elements and 2Z for the diagonal elements.
We now explain the S-and T -matrices which will play an important role in our discussion. Quasiparticle excitations of the topological field theory (9) are labeled as integer lattice vectors u in Γ * = Z N . Each has the statistical angle θ u = π u T K −1 u, which corresponds to the phase of exchange between a pair of identical quasiparticles and the phase of 2π-twist of a single one. The braiding phase between quasiparticles u and v is given by the pairing 2π
There is a subset of quasiparticles that are local with respect to all quasiparticles. They live in the sublattice Γ = KZ N under the image of the K-matrix so that their braiding phases with the rest are integer multiples of 2π. We consider bosonic theories where local particles are bosons (θ ≡ 0 mod 2πZ) with even diagonal K-matrix entries. Anyons are equivalent up to local particles and are labeled by equivalent classes of lattice vectors [ u] = u + Γ. They live in the finite abelian quotient group A = Γ * /Γ so that the anyonic fusion structure is identical to the group multiplication. The braiding and exchange information is encoded by the two unitary matrices.
The matrices projectively represent the modular group SL(2; Z), where the total quantum dimension is related to the number of anyon types by D 2 = | det(K)| = |A| in the abelian theory. We can compactly define S-and Tmatrices for a given K-matrix.
We emphasise again that a quantum symmetry X is not a symmetry of the K-matrix. For the surface physics of 3D SPTs, this has been thought of as the signal that the topological phase with X can never be realized on the pure two dimensional lattice systems because one cannot write down a Chern-Simons theory consistent with the symmetry operation.
We would like to elaborate this point further in this paper. In fact, the invariance of the S-and T -matrices (13) under the symmetries hints us that we can write down the symmetric partition function which can generate the S-and T -matrices for the surface of the SPT phase. Instead of the conventional partition function Z CS K for the Chern-Simons theory with the fixed K matrix,
let us consider a following partition function which has a sum over Y ∈ G ⊆ GL(4; Z), the symmetry group of the SPT phase, to describe the surface of the threedimensional SPT.
In the case that there is no continuous symmetry and no edge state, the only physical observables are the phases when two quasi-particles are braided. For the concreteness, let us consider the geometry S 344 . The phases can be computed by considering the source currents J
This identifies with the braiding phase
. In terms of the partition function (16), we can also compute the statistical phases.
where we have used the fact that
(also notice that the S-matrix obtained above is consistent with (13)). Furthermore, it is not difficult to see that the partition function Z SP T [J a µ ] and its observables S-and T -matrices are invariant under the quantum symmetry (the S-and T -matrices correspond to the braiding of two excitations in the topological phase). With the sum over Y ∈ G ⊆ GL(4, Z), we can write down a partition function consistent with the symmetries though we cannot write a classical Chern-Simons theory. From the view point of the partition function and the S-and T-matrices (13), it is unclear in which respect the surface of the three-dimensional SPT phase is anomalous or how the surface of the three-dimensional SPT phase is different from the purely two-dimensional models.
We will show that gauging a part of the symmetries of the SPT phase 45 with the symmetry Y × X can help to resolve the question. Usually there is a preferred symmetry, e.g., Y , to be gauged on the surface of a threedimensional SPT phase. We will gauge the symmetry which is a classical symmetry, i.e., the symmetry of the K-matrix.
The gauging procedure can be thought of as deconfining a new excitation which is a fraction of the original excitation. Because we would like to have an integral anyon lattice, we need to find a new K-matrix and identify the symmetry actions in the new anyon lattice. This allows us to study the symmetry operations on the new S-and T -matrices based on the new K-matrix. If the Sand T -matrices were found invariant under the symmetry X, then we could have come up with the symmetric partition function (16) which can be used to generate the S-and T -matrices for the gauged theory as the above. However we will show that the symmetry X of the SPT phase is no longer a (quantum) symmetry of the gauged theory. In fact, the symmetry X does not leave the anyon lattice invariant and can never be the symmetry of the S-and T -matrices.
B. Comparison to (2+1)-dimensional topological phases
This should be compared with the two-dimensional models. Let us imagine a topologically ordered state realized on the purely two-dimensional lattice models with the symmetries G 1 × G 2 . We begin with the Z 2 topological phase (a Z 2 discrete gauge theory) described by a K-matrix with global symmetry G 1 × G 2 in which G 1 is "conventional" in the sense of the reference 45 , i.e., G 1 does not change the excitations type and induces only the phase rotations. To manifest the action of the symmetries, we consider the chiral boson fields φ living at the edge of the topologically ordered surface state. The symmetries are projectively encoded on the edge excitations as
The X should be an element of GL(N, Z) and should be compatible with the K-matrix 16, 45 , X T KX = K. We notice that Xδ φ = δ φ by requiring G 1 and G 2 commute. Next we "promote" the conventional symmetry G 1 into a local symmetry by extending the gauge group from Z 2 ֒→ Z 2 × G 1 . The gauging procedure extends the topological field theory by introducing new G 1 fluxes. We are interested in minimal extensions so that no extra G 1 charges other than the original quasiparticles are added to the theory. For simplicity, we assume G 1 is finite abelian and, without loss of generality, generated by a single element, i.e. G 1 = Z k (19) . As G 1 is of finite order, k fluxes would fuse to the trivial flux, and corresponds to a quasiparticle in the ungauged topological phase. We represents the additional G 1 flux by the fractional lattice vector l v so that k l v lives in Γ = Z N . According to (19) , the braiding phase of the quasiparticle ψ u ∼ e 
up to integral vectors in Z N (for more complete discussion on gauging symmetries in a Chern-Simons theory, we refer the reader to the references 16, 45 ). Now we ask if G 2 leaves the anyon lattice invariant when G 1 is gauged. Notice that G 2 will leave the integral lattice invariant and thus it is enough to see how l v = K 2π δ φ transform under G 2 .
Thus the anyon lattice in the gauged theory is invariant under the symmetry G 2 in the purely two-dimensional lattice models. We also consider the symmetry group G generated by G 1 and G 2 which do not commute. As before we assume G 1 is "conventional" 45 and shifts the phases of the quasiparticle excitations.
We require G 2 to be the symmetry of the K-matrix, i.e., X ∈ GL(N, Z), and X T K = KX −116, 45 . Because G 1 and G 2 do not commute, Xδ φ = δ φ. Thus we need to be more careful in gauging the conventional symmetry group "generated" by G 1 and first find a normal subgroup H generated by {G
Thus there are many different generators {X n δ φ, n ∈ Z} of the phase shifts which we need to gauge. Thus it is natural to deconfine all the different anyonic excitations corresponding to {X n δ φ, n ∈ Z} when we gauge a normal subgroup symmetry H in G.
We ask if the anyon lattice of this gauged theory is invariant under G 2 . As the integral lattice is invariant under X, we only need to check if the quasi-particle lattice generated by { l n,v , n ∈ Z} is invariant under G 2 . It is not difficult to check that the quasi-particle lattice is invariant under the symmetry Z 2 since X T l n,v = l n−1,v because of X T K = KX −1 . Thus the anyon lattice in the gauged theory is invariant under the symmetry G 2 in the both cases. Furthermore, X T KX = K with the invariance of the anyon lattice guarantees the invariance of the S-and T -matrices (13) 43 . We will show that this is not the case on the surface of the three-dimensional SPT phases.
II. EXAMPLES
We carefully go through one example with the symmetry Z (6)). One might naively think that the fact that the two symmetries do not commute implies the conflict of the symmetries in the gauge theory. We have seen however that this is not the case as illustrated for the purely two-dimensional lattice models in I B.
Both the symmetries are unitary and on-site. The symmetries on the currents J ∼ iz * ∂z + h.c. (11) are represented by the 4 × 4 matrices.
where
There are a few points worth commenting. First of all, one might worry that Z A 2 is represented trivially ∼ δ ab on the currents, and hence the symmetry Z A 2 is almost like "doing nothing" if we insist on working with the effective theory. However, Z A 2 is merely a global phase rotation (or global gauge transformation) and thus it is natural that the global phase rotation does not appear explicitly in the Chern-Simons theory (which is a gauge theory and the gauge theory is only sensitive to the gradient in the phases of the matter fields). To properly take Z A 2 symmetry into account in the gauge theory, we are led to consider gauging Z A 2 symmetry. Roughly speaking, gauging the symmetry can be understood as performing Z A 2 locally and thus generates the gradient in the phases which do appear in the gauge theory.
Secondly it is trivial to see that Z A 2 is the symmetry of the K-matrix (10) and thus Z A 2 does not change the S-and T -matrices because δ ab ∈ GL(4, Z) and K is invariant under the symmetry.
On the other hand, Z B 2 is not a symmetry of K-matrix but only a quantum symmetry. This can be explicitly checked by computingK = X
It is not difficult to see thatK is different from K but has the same topological order and topological S-and Tmatrices as K. Thus we find that S-and T -matrices are invariant under both the symmetries Z
. Now we proceed to gauge the Z A 2 symmetry. We closely follow the prescriptions previously introduced in ref 45 . First, we identify a new anyon excitation l v in the charge lattice.
in which we have used δ φ = (π/2, −π/2, 0, 0) T from (25) . Notice that Xδ φ is simply −δ φ, and thus it is enough to deconfine l v above (29) to gauge the Z A 2 symmetry. The new excitation l v has the mutual statistics with the original anyon excitations to incorporate the "gauged" symmetry Z A 2 . With this new excitation, the allowed anyon excitation in the gauged theory can be represented.
with the statistical angle θ = π l T K −1 l. Notice that the Z B 2 symmetry operation X (27) does not leave the anyon lattice (30) invariant because it maps (0, 0, 0, 1/2) T , the new anyonic excitation, to (0, 0, −1/2, 0)
T which is not allowed in the theory. This already signals that the symmetry Z B 2 is not the symmetry of the gauged theory. To understand the gauged theory better, we extend the anyon lattice (which contains the 'fractional' excitation l v = (0, 0, 0, 1/2) T ) with K to the integral anyon lattice with the new K g matrix to describe the theory properly. To rescale the lattice and the K-matrix properly, we need to find a matrix M such that,
We choose M in the way that all the excitations defined by l and the excitations defined by m are equivalent (M is bijective). 
By requiring the statistical angle defined by l and m to be the same, we obtain the condition for the new K g matrix for the gauged theory.
As a result of gauging the symmetry Z A 2 , we end up with the theory,
with the integral anyonic lattice m ∈ Z 4 . We now ask if this gauged K g -matrix can generate welldefined S-and T -matrices invariant under Z B 2 as the case before gauging. In this gauged theory, the original excitations are represented by z e1 ∼ (1, 0, 0, 0) T , z e2 ∼ (0, 1, 0, 0) T , z m1 ∼ (0, 0, 1, 0) T , and z m2 ∼ (0, 0, 0, 2) T . From this information, we can easily read off the actioñ X of the symmetry Z 
We note thatX is not an element of GL(4, Z) and does not leave the anyon lattice invariant. Furthermore, it is now trivial to see thatS-andT -matrices, defined by K g , are not invariant underX. This concludes that the symmetry Z On the surface of the three-dimensional SPT phase with the Z 2 × Z T 2 symmetries, the symmetries are represented as following 42 .
The Z 2 symmetry is unitary and on-site, and Z T 2 is local and anti-unitary. The symmetries on the current J ∼ iz * ∂z + h.c. (11) are represented by the 4 × 4 matrices as before.
where η µν = 1 if µ = ν = 0 and −1 if µ = ν = 1, 2 and
Notice that Z 2 is the symmetry of the K-matrix (10) and thus does not change the S-and T -matrices because δ ab ∈ GL(4, Z) and K is invariant under the symmetry. On the other hand, Z T 2 is not a symmetry of the K-matrix but only a quantum symmetry. Now we proceed to gauge the Z 2 symmetry. As before, we begin with identifying a new anyon excitation l v in the charge lattice 45 .
in which we have used δ φ = (π/2, −π/2, π/2, −π/2)
T from (36) . Notice that X T δ φ is simply δ φ, and thus it is enough to deconfine l v above (39) to gauge the Z 2 symmetry. With this new excitation, the allowed anyon excitation in the gauged theory can be represented.
with the statistical angle θ = πl T K −1 l. Notice that the Z T 2 symmetry operation X (38) does not leave the anyon lattice (40) invariant because it maps (0, 1/2, 0, 1/2) T , the new anyonic excitation, to (−1/2, 0, −1/2, 0)
T which is not allowed in the theory. This already signals that the symmetry Z T 2 is not the symmetry of the gauged theory. We extend the anyon lattice with K to the integral anyon lattice with the new K g matrix to describe the theory properly. To rescale the lattice and the K-matrix, we find a matrix M such that,
We choose M which is bijective. 
From M , we obtain the new K g matrix for the gauged theory by requiring,
As a result of gauging the symmetry Z 2 , we end up with the theory,
with the integral anyonic lattice m ∈ Z 4 . We now ask if this gauged K g -matrix can generate well-defined S-and T -matrices invariant under Z 
We note thatX T is not an element of GL(4, Z) and does not leave the anyon lattice invariant. We can also check thatS-andT -matrices (13) defined by K g are not invariant under the action ofX T . This concludes that the symmetry Z T 2 is broken if we gauge the symmetry Z 2 .
On the surface of the three dimensional SPT phase with the Z
symmetries, the symmetries are represented as following 42 .
All the three symmetries are unitary and on-site. The symmetries on the current J ∼ iz * ∂z + h.c. (11) are represented by the 4 × 4 matrices as before.
Notice that Z A 2 is the symmetry of the K-matrix (10) and thus does not change the S-and T -matrices because δ ab ∈ GL(4, Z) and K is invariant under the symmetry. On the other hand, Z B 2 and Z C 2 are not a symmetry of the K-matrix but only quantum symmetries. Now we proceed to gauge the Z A 2 symmetry. As before, we begin with identifying a new anyon excitation l v in the charge lattice 45 .
in which we have used δ φ = (π/2, −π/2, 0, 0) T from (46) . Notice that Xδ φ and Y δ φ are δ φ and −δ φ, and thus it is enough to deconfine l v above (50) to gauge the Z A 2 symmetry. With this new excitation, the allowed anyon excitation in the gauged theory can be represented.
with the statistical angle θ = πl T K −1 l. Notice that the Z C 2 symmetry operation Y (49) does not leave the anyon lattice (51) invariant because it maps (0, 0, 0, 1/2) T , the new anyonic excitation, to (0, 0, −1/2, 0)
T which is not allowed in the theory. This already signals that the symmetry Z C 2 is not the symmetry of the gauged theory. However Z B 2 symmetry operation X does leave the anyon lattice (51) invariant. The effect of Z B 2 manifests only when we compute S-and T -matrices in the gauged theory as we will see soon.
We extend the anyon lattice with K to the integral anyon lattice with the new K g matrix to describe the theory properly. To rescale the lattice and the K-matrix, we find a matrix M such that,
with the integral anyonic lattice m ∈ Z 4 . We now ask if this gauged K g -matrix can generate welldefined S-and T -matrices invariant under Z 
We notice thatỸ is not an element of GL(4, Z) and does not leave the anyon lattice invariant. HenceS-andTmatrices (13) defined by K g are not invariant under the actions ofỸ . This shows that the symmetry Z C 2 is broken if we gauge the symmetry Z A 2 . On the other hand,X is an element of GL(4, Z) and does leave the anyon lattice invariant. However,X does not leaveS-andT -matrices invariant, i.e.X T K −1
mod N where N is a matrix with the integers Z for the off-diagonal elements and 2Z for the diagonal elements. Thus we conclude that Z B 2 is also broken in the gauged theory.
III. CONCLUSION
In this paper, we have considered the theory for the topologically ordered surface states of three dimensional bosonic SPT phases with the discrete symmetries G 1 × G 2 , in which one of the symmetries is a conventional symmetry. Then we have demonstrated that the multi-component Chern-Simons effective theory itself is not invariant under the symmetry transformations, but the topological S-and T -matrices defined by the ChernSimons theory are invariant under the symmetries.
However, if we gauge one of the symmetries G 1 × G 2 on the surface by pretending that the surface is a purely two-dimesnional system, we find that the other symmetry must be broken in the gauged theory because the topological S-and T -matrices defined by the ChernSimons theory for the gauged surface are not invariant under the other symmetry. This reminds us of the edge theory of the two-dimensional SPT phases in which we also find the conflict of the symmetries. The conflict of the symmetries at the edge of the two-dimensional SPT phases signals that the edge theory can never be realized as a purely one-dimensional lattice model. Given the fact that there has been no such phenomena in purely twodimensional topologically ordered states, this signals that the symmetries are encoded "anomalously" on the surface of the SPT phases and that the surface state cannot be realized on the purely two-dimensional lattice models. Presumably, if gauging the symmetry is done in bulk as a whole, then the "anomaly" or "conflict of symmetries" on the surface is expected to be cancelled by certain contributions from bulk. At this point, it is not clear how to see this from this work, and so we leave this as the future problem.
Note added: Upon compeletion of this work, we became aware of a paper by Kapustin et.al. 46 and a unpublished work 47 . In the reference 46 , the authors also considered the SPT phases with the discrete G × H and found the breaking of the symmetry H upon gauging the symmetry G. In the reference 47 , the authors found an obstruction to guage G 1 × G 2 on the surface of the threedimensional bosonic SPT phases. 
